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Abstract: One of the characteristic of five-axis milling is the tool can be oriented in any
direction. And hence the tool orientation could be changed continuously during free-form
machining process. It makes the work to predict Cutter Workpiece Engagement (CWE)
become more challenging. The existence of tool inclination angle and screw angle will
influence the profile of cut geometry. In this paper, an improved method to define lower
engagement point (LE-point) is presented. The algorithm was developed by taken into
consideration the existence of inclination angle and screw angle. The extended method to
calculate grazing point in swept envelope development was utilized to define LE-point. The
developed model was successfully implemented to generate CWE data with various
combination of tool orientation angle. From the test it was found that inclination angle gives
significant effect to the location of LE-point. Finally, once CWE data were obtained, feedrate
scheduling based on maximum cut area for a given NC code was applied.
Keywords: Five-axis milling, Cutter workpiece engagement, Grazing point

1. Introduction
Nowadays, the ability of the system to generate automatically an optimal process plan is an
essential step toward achieving automation, higher productivity and better accuracy [1].
Various studies [1-4] have been conducted to produce a new approach called virtual
machining. This new approach is for advancing productivity and quality of machining
processes. Manufacturing process include designing, testing and producing the parts is
simulated in a virtual environment. This technique tries to decrease the lead-time before the
implementation of a new product and to minimize the cycle of the product development. The
main purposes of virtual machining in milling operation is how to predict the instantaneous
cutting force. They can be used as an input to shorten machining time by optimizing process
parameter without sacrificing the machining quality. One of the optimization methods that has
become popular in recently is feedrate scheduling [5-7]. Process optimization is performed by
adjusting feedrate.
In supporting the machining optimization, the precise geometrical information is very
important especially in the modeling and calculating of the cutting force. Various studies [810] in geometric simulation strategy based on solid modeling include constructive solid
geometry (CSG) and boundary representations (B-Rep) have been conducted. Other
researchers used discrete methods such as Z-mapping [11,12], z-buffer [13] and octree
method [14,15] for determining engagement region between tool and workpiece along the
tool path. Solid modeling gives more accurate information, but computation time significantly
increased. Meanwhile discretization methods make the calculation become faster than solid
modeling. However, the computation time increases intensely as the precision and accuracy is
to be improved.
To overcome such problem, several researchers proposed an analytical method. Ozturk and
Lazoglu [16] and Gupta et al. [17] developed analytical method to define the chip load during
three axis milling. Tunc and Budak [18] proposed a simple analytical method for five-axis
milling that is called bounding point coordinate. Even though the method is fast and accurate,
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but it is only applicable for flat workpiece surface. Another limitation of the current analytical
methods is they cannot provide CWE data with respect to engagement angle. Gupta et al. [17]
mentioned that analytical approaches for computing cutter workpiece engagement (CWE)
were proven much faster and more accurate compared with the discrete approaches. However
study in this method has not been well developed.
Hendriko et al. [19] proposed an hybrid method in defining CWE between flat-end tool and
free-form workpiece surfaces. Hybrid model that is a combination of discrete vector model
and analytical method was describes in this paper. Workpiece surface is discretized by a
number of normal vectors. Then, by using their coordinate and orientation, the surface shape
at every instantaneous tool location can be defined mathematically. Another study for
obtaining CWE of toroidal cutter during semi finish milling was also proposed by Hendriko et
al. [20]. CWE is defined by defining two engagement points, lowermost engagement point
(LE-point) and uppermost engagement point (UE-point) as can be seen in
Figure 1. UE-point (𝑛𝑓 ) is calculated by using a method called toroidal boundary method. The
proposed model was proven accurate. However, inclination angle and screw angle which are
commonly exist in five-axis milling was not taken into consideration. For toroidal cutter, the
existence of inclination angle will give significant effect to the coordinate of LE-point (𝐶).
The detail about this effect will be discussed in the following section.
This paper presents an improved method to define LE-point that were reported in [20]. The
algorithm is developed by considering the existence of inclination angle and screw angle. An
extended method to define grazing point in swept volume development is employed for
defining the instantaneous lower engagement point (LE-point). At the end of the paper, offline feedrate scheduling based on cut area prediction is presented for the given NC code.

Figure 1. (a) Typical of workpiece surface from rough milling; illustration of the coordinate
system, (b) three coordinate frame, (c) tool orientation relative to WCS
2. Establishing Coordinate System and Defining Tool Surface
In five-axis machining, the tool can be rotated in any direction. Part with sculptured surfaces
can be machined efficiently by controlling the tool to move and rotate dynamically with
respect to the part surface normal (curvatures). For the purpose of analytical representation of
moving surface generation of the cutting tool, appropriate operators of the coordinate system
transformations are required. Therefore three coordinate systems as illustrated in
Figure 1b are employed to represent the position and orientation of the tool. They are
workpiece coordinate system (WCS) which is the reference coordinate frame, tool coordinate
system (TCS), and local coordinate system (LCS). WCS is a fixed framed which is
represented by the basis vector x, y, z, while TCS and LCS are denoted by u, v, w and X, Y, Z
respectively. The tool inclination angle ( ), or in some other references called as lead angle,
and screw angle ( ), or also called as tilt angle, are normally used when a sculptured surface
part is machined by five-axis milling. They are the angle formed by TCS and LCS as
illustrated in
Figure 1a. The orientation of cutting tool relative to WCS ( ) is described as shown in
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Figure 1c, and it is calculated by using the tool orientation relative to x-axis (
( ),
ϑ = cos−1(cos θA cos θB )

) and y-axis

(1)

The operator [M] to map coordinate system from TCS to WCS involving the tool rotation
about x-axis, y-axis and also translation at T is expressed as follow,
,Mcos θB
0
sin θB
sin θA sin θB cos θA −sin θA cos θB
=
cos θA sin θB sin θA cos θA cos θB
[
0
0
0

xS
yS
zS
1]

(2)

Where T(xT , yT , zT ) is cutter location point (CL-point) which is located at the bottom center
of cutting tool. And the tool coordinate frame with orthogonal basis vector u, v and w is
defined as,
w = ,M- ,0 0 1 0-T
= ,sin θB −sin θA cos θB cos θA cos θB -T
w × VT
v=
; u = v×w
|w × VT |

(3)

VT is the linear velocity from one cutter contact point (CC-point) to the next and it is obtained
by,
VT =

CC(i+1) − CC(i)
;
𝑓

(4)

Where CC (xCC , yCC , zCC ) and 𝑓 denote the coordinate of CC-point and feedrate, respectively.
To calculate the instantaneous CWE, the tool paths will be interpolated linearly. For linear
interpolation of the cutting tool movement (translational and rotational), the intermediate
position and orientation of cutting tool in between two CC-point is defined as follow,
CC

CC(i)

CC(i+1) − CC(i)

[ θA ] = [θA(i) ] + p [θA(i+1) − θA(i) ]
θB

θB(i)

(5)

θB(i−1) − θB(i)

where p denote the tool path interpolation parameter.
In this study, the CWE model is developed for toroidal cutter. The typical of its surface is
decomposed into toroidal (𝑆𝑇 ) and cylindrical (𝑆𝐶 ) parametric surfaces as shown in Figure 2.
The representations of toroidal surface and cylindrical surface with respect to the tool
coordinate system (TCS) is described as,
𝑆𝑇 (𝜑; λ)
= ,(𝑟𝑚 + 𝑟 sin λ) sin 𝜑
𝑆𝐶 (𝜑; 𝑙𝑘 ) = ,𝑅 sin 𝜑
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𝑅 cos 𝜑

𝑙-T

𝑟 − 𝑟 cos λ-T

(6)
(7)
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Where 𝑟 is minor radius of cutting tool, 𝑟𝑚 is the distance between cutter centre point to
minor radius, 𝑅 is major radius of cutter, and 𝑙 is height of cutter measured from the bottom.
While 𝜆 and 𝜑 denote the toroidal angle and the engagement angle, respectively. Due to the
cutter location (Cl) data and workpiece surface information are provided in workpiece
coordinate system (WCS), then the cutter surface is mapped from TCS to WCS.

Figure 2. Geometry of toroidal cutting tool
𝑆𝐶 ′ (𝑥𝑆′ 𝐶 , 𝑦𝑆′𝐶 , 𝑧𝑆′𝐶 ) = ,M- 𝑆𝐶 (φ; lk )

(8)

𝑆𝑇 ′ (𝑥𝑆′ 𝑇 , 𝑦𝑆′𝑇 , 𝑧𝑆′𝑇 ) = ,M- 𝑆𝑇 (φ; λ)

(9)

3. Obtaining Upper Engagement Point
As mentioned in Introduction that CWE is determined by defining two engagement points,
UE-point (𝑛𝑓 ) and LE-point (C). In this paper the method to define UE-point will not be
discussed deeply. The detail mechanism was presented in [20]. The same mechanism will be
used for the application purpose.
Because of toroidal cutter has two surfaces, cylindrical surface and toroidal surface, then the
method to define UE-point when located on cylindrical surface is different from that on
toroidal surface. When UE-point located on the cylindrical surface, the coordinate of UEpoint can be calculated by using Eq.(Error! Reference source not found.) after the length of
cut (𝑙𝑛 ) is obtained. A method called Cylindrical-boundary is used to define the length of cut.
𝑙𝑛 can be determined if at least one of the axis component of UE-point, 𝑛𝑓 (𝑥𝑛𝑓 , 𝑦𝑛𝑓 , 𝑧𝑛𝑓 ), is
known. For example, when the UE-point is located on the wall of workpiece block as shown
in Figure 3a, then 𝑥𝑛𝑓 is equal to 𝑥𝐵 . In this case, 𝑙𝑛 is calculated by using X-Cylindrical
method, on the other hand, Z-Cylindrical method is used when it is located on the top of
workpiece surface (Figure 3b).
Meanwhile when UE-point is on toroidal side, then its coordinate can be determined by using
Eq.(Error! Reference source not found.) after its toroidal angle (𝜆𝑛 ) is obtained. It is
calculated by using a method called Toroidal-Boundary Method. This method consists of Xtoroidal when UE-point is located on the wall surface (Figure 3c), and Z-toroidal method
when it is located on the top surface (Figure 3d).
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Figure 3. Two possible location of UE-point for cylindrical side
(a) wall of workpiece, (b) top of workpiece; and toroidal side
(c) wall of workpiece, (d) top of workpiece
4. Obtaining Lower Engagement Point
According to Gani et al. [21], tool inclination in five axis milling has a large influence on the
cut geometry. It will not only change the chip thickness, but also the length of cut. In term of
cutting force, previous studies [8-10] showed that negative inclination angle tend to give
higher cutting force. It is believed due to the larger contact area between cutter and workpiece.

Figure 4 Effect of inclination angle to LE-point
LE-point of toroidal cutter with respect to inclination angle and as a function of engagement
angle are illustrated in Figure 4. It can be seen that when machining without inclination angle,
LE-points at every engagement angle are located at the bottom of front cutting edge or at
toroidal angle of LE-points (λC ) equal to zero. However, when inclination angle exist, then
the coordinate of LE-points change significantly. When α > 0, LE-points is located at the
front cutting edge with λC > 0. Meanwhile, if α < 0, LE-points is at the back cutting edge
with λC > 0.
The method to define toroidal angle of LE-point will be derived from the method to define
swept envelope. As mentioned by [22-24] that the swept envelope is constructed by three
points, forward boundary (egress point), envelope boundary (grazing point) and backward
boundary (ingress point). Grazing point is considered as LE-point at every engagement angle.
It is obtained by using the tangency function F(ϑ,φ,p) = NST (ϑ,φ,p) . VST (ϑ,φ,p) = 0, which
consists of the cutter surface normal NST (ϑ,φ,p) and the cutter moving vector VST (ϑ,φ,p) . With
the same method, LE-points at every engagement angle is calculated. Even though toroidal
cutter is constructed by two sides, LE-point is only located on toroidal side.
The surface normal of an arbitrary point Q on toroidal surface in TCS is described by,
∂ST / ∂λ
∂ST / ∂φ
×
|∂ST / ∂λ| |∂ST / ∂φ|
= ,sin λ . sin φ sin λ . cos φ − cos λNST =

(10)

When Eq.(Error! Reference source not found.) is transformed to the moving frame, it yields
to,
𝑁𝑆𝑇 ′ (𝜗,𝜑,𝑝) = sin λ . 𝑠𝑖𝑛(𝜑) . 𝒖
+ sin λ . cos(𝜑) . 𝒗
− cos λ . 𝒘

(11)

The velocity of an arbitrary point Q on the toroidal surface (𝑉𝑆𝑇 ) is determined as follow,
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⃗⃗⃗⃗⃗
𝑉𝑆𝑇 = 𝑉𝑇 + 𝜔 × 𝑇𝑄

(12)

⃗⃗⃗⃗⃗ denote the angular velocity and the position vector from T to Q ,
where ω and TQ
respectively. Because of the tool orientation change for any instantaneous position has been
adjusted in Eq.(Error! Reference source not found.), then it is assumed that ω = 0. And
hence the velocity vector in Eq.(Error! Reference source not found.) is equal to VT and the
tangency function yield to,
𝐹(𝜗,𝜑,𝑝) = sin λC . 𝑠𝑖𝑛(𝜑) . (𝑉𝑇 . 𝒖)
+ sin λC . cos (𝜑) . (𝑉𝑇 . 𝒗)
+ cos λC . (𝑉𝑇 . 𝒘) = 0

(13)

Finally, toroidal angle of the LE-point as a function of engagement angle (λC (𝜑) ) is calculated
as follow,
λC (𝜑)
= tan−1 [

𝑉𝑇 . 𝒘
]
sin(𝜑). (𝑉𝑇 . 𝒖) + cos(𝜑) . (𝑉𝑇 . 𝒗)

(14)

By applying λC (φC ) into Eq.(Error! Reference source not found.), then coordinate of LEpoint is obtained.
𝐶 (𝑥𝐶 , 𝑦𝐶 , 𝑧𝐶 ) = ,M- 𝑆𝑇 (𝜑; λC )

(15)

5. Cut Geometry Calculation
Since 𝜆𝑛𝑓 , 𝜆𝐶 and 𝑙𝑛 were obtained, then the geometry of cut can be calculated. In
toroidal cutter, 𝑙𝑛 is the length of engagement on cylindrical side. And hence it is equal to
zero when 𝑛𝑓 located on toroidal side. On the other hand, 𝜆𝑛 = 90 when CWE is on
cylinder side. The length of cut (𝑞) is determined by this equation,
𝑞=

𝜋. 𝑟
(𝜆 − 𝜆𝐶 ) + 𝑙𝑛 ;
180 𝑛

(𝜋 = 3.14)

(16)

The machining optimization will be performed based on the generated cut area at
instantaneous tool location. Before cut area will be calculated, cut thickness should be
determined. According to Kumanchik and Schmitz [25], the cut thickness in milling is defined
as the distance between the current tooth path and the previous tooth path along the line
segment connecting the tool center to the current tooth cutting edge. However, this definition
is only applicable for machining with perpendicular tool orientation. Inclination angle should
be taken into consideration as another factor that influences the size of cut thickness. Tool
inclination makes the cut thickness smaller than the distance of two consecutive tooth paths.
Therefore, cut thickness (h) as a function of engagement angle is expressed as,
(17)
ℎ = 𝑓 cos α sin 𝜑
Finally, the cross cut area (𝐴𝜑 ) is calculated by multiplying the cut thickness by cut width.
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𝐴𝜑 = 𝑞. ℎ

(18)

6. Implementation and Discussion
Based on the formulae derived in the previous sections, a simulation program using MATLAB
has been developed, enabling the calculation of CWE and also the cross cut geometry. One
part design and workpiece surface as shown in Figure 5a was tested. Machining conditions
used in the test were feedrate 0.2 mm/rot and spindle speed 4000 rpm. Two teeth toroidal
cutter with diameter 25 mm and minor radius 6 mm was employed as cutting tool.
By using the developed simulation, the shape and the size of cut can be generated. The shapes
of cut generated by the program simulation are shown in Figure 5b. In this figure, the tool was
set with 𝛼 = 0 and 𝛽 = 0. It can be seen that the shape of cut at the top side resembles the
shape of workpiece surface and that one at the bottom side resembles the shape of part surface.
It is an indication that the

Figure 5. (a)Test model; (b) CWE progression; length of cut from (c) Test 1
(𝛼 = 0; 𝛽 = 0), (d) Test 2 (𝛼 = 15; 𝛽 = 0), (e) Test 3 (𝛼 = 15; 𝛽 = 10)
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Figure 6. Geometry of cut (a) Test 1, (b) Test 2, (c) Test 3, and (d) the length of cut for CC37, (e) Effect of inclination angle on toroidal angle of LE-point

Figure 7. Machining optimization for Test 2, (a) feedrate scheduling; cut area and machining
time from (b) original feedrate,(c) scheduled feedrate
proposed method is accurate. Cut width or the length of cut in one tool pass for various tool
orientations are presented in Figure 5c (𝛼 = 0; 𝛽 = 0/Test 1), Figure 5d (𝛼 = 15; 𝛽 =
0/Test 2), and Figure 5e (𝛼 = 15; 𝛽 = 15/Test 3). In these graphs, the CWE data were
generated for every 8𝑥10−5 second of tool motion. It can be seen that every graph shows
different profile especially at the bottom side. As highlighted by red circle at the bottom, Test
1 shows 'big open' profile, meanwhile Test 2 depicts 'small open' profile and Test 3 shows
'closed' profile. 'Open' profile appears when CWE occurred in one tool rotation, meanwhile
'Closed' profile appear when there are some part of cutting tool in one tool rotation do not
contact with workpiece. This condition can be explained clearly by referring to Figure 6.
Figure 6 displays the shape and length of cut as a function of engagement angle for CC point
37. In this figure, the shape of cut from various combination of tool orientation are presented.
The cut with straight and blue line on the top is an indication that the UE-point is located on
the cylindrical side. In this case, the engagement is occurred on both cylindrical and toroidal
side. If there is no such line on the top, it means that the engagement is only occurred on the
toroidal side. Figure 6a show the shape of cut for Test 1. It can be seen that the shape of cut at
the bottom side resemble the shape of bottom side of cutting tool. Different phenomena are
showed by Figure 6b (Test 2) and Figure 6c (Test 3). When the tool inclination angle exist
then the location of LE-point become very dynamic. And hence, the shape of cut at the bottom
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side do not resemble the bottom side of cutting tool. Figure 6d present the length of cut for all
tests. It can be seen that Test 1 produces large CWE in one tool rotation (𝜑 ∈ *0,180+). This
condition will produce 'big open' profile as highlighted in Figure 5c. Test 2 generates more
dynamic length of cut and small engagement occurred in beginning. Small CWE in beginning
creates 'small open' profile as highlighted in Figure 5d. On the other hand, Test 3 also shows
dynamic length of cut, but there is no engagement in beginning. This is the answer why
'closed' profile appear in Figure 5d .
One test for checking the effect of inclination angle to the location of LE-point was also
performed. The location of LE-point as depicted in Figure 6e is represented by its toroidal
angle. When the tool without inclination angel, then LE-point at every engagement angle will
be located at the bottom of front cutting edge (𝜆𝐶 = 0). However, when positive inclination
angle exist, LE-point will be located at front cutting edge with 𝜆𝐶 > 0. It can be seen that
increasing inclination angle will increase 𝜆𝐶 . For positive inclination angle, bigger 𝜆𝐶
produces smaller length of cut. Similar to positive inclination angle, increasing negative
inclination angle will also increase 𝜆𝐶 . The sign minus (-) for 𝜆𝐶 is only to indicate that LEpoint is located at the back cutting edge. However, increasing 𝜆𝐶 tends to produce larger
length of cut, this is due to the engagement occurred not only at front cutting edge but also
possible at the back cutting edge.
Once the geometry of cut is obtained, then machining optimization can be performed.
Feedrate scheduling strategy based on the maximum cut area was performed for Test 2
(𝛼 = 15 and 𝛽 = 0) as shown in Figure 7a. To avoid instability due to the continuous
feedrate change, then the tool path is divided into NC block which contain 6 consecutive CCpoints. Optimization was performed based on the largest cut area generated in every NC block.
As can be seen in Figure 7b, the cross cut area at CC-point 37 with 𝑐𝑢𝑡 𝑎𝑟𝑒𝑎 = 2.8 𝑚𝑚2 is
found to be the largest. Thus, it was selected as the reference. The feedrate at others CCpoints were optimized by comparing their cut area with the reference. The results show that
the feedrate increase when cut area decrease, and vice versa. Hence, most cut area generated
from optimization was found larger than original feedrate and with smaller variation. The
machining time before and after feedrate scheduling can be compared from Figure 7b and
Figure 7c. It can be seen that the total machining time was successfully reduced from 20.4
second with original feedrate to become 15.87 second with feedrate scheduling. It shortens
the time about 22.2%. However in other cases, the controlled/scheduled feedrate may produce
longer machining time since the original feedrate might be too high.

7. Conclusion
An improved method to predict Cutter Workpiece Engagement during semi finish milling has
been developed. The method involves the calculation of LE-point when the inclination angle
and screw angle exist. The formulation derived has been implemented in a computer
simulation. By using the simulation program, the geometry and length of cut at instantaneous
tool position can be generated. From the test it was found that inclination angle gives
significant effect to the location of LE-point. Finally, once CWE data were obtained, feedrate
scheduling based on maximum cut area for a given NC code was applied. From this
optimization, the machining time was successfully reduced.
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